Reducing the size of a superconductor below its characteristic length scales can either enhance or suppress its critical temperature (T c ). Depending on the bulk value of the electron-phonon coupling strength, electronic and phonon confinement effects will play different roles in the modification of T c . Experimentally disentangling each contribution has remained a challenge. We have measured both the phonon density of states and T c of Sn nanowires with diameters of 18, 35, and 100 nm in order to quantify the effects of phonon confinement on superconductivity. We observe a shift of the phonon frequency towards the low-energy region and an increase in the electron-phonon coupling constant that can account for the measured increase in T c .
I. INTRODUCTION
The electron-phonon interaction plays a fundamental role in electrical transport [1] , thermal conductivity [2] , and manybody phenomena such as superconductivity [3] . In reduced dimensions, the strength of this interaction is modified due to size effects in both, electronic levels and phonon spectrum. For instance, nanostructuring superconductors leads to dramatic changes in their properties compared to their bulk counterparts. These changes appear mostly once the size of the superconductor becomes smaller than the coherence length ξ 0 resulting in a modification of the critical temperature T c [4] , the critical magnetic field H c [5, 6] , and the superconducting gap 0 [7] . Particularly, the behavior of T c has received a lot of interest since its modification depends on how nanostructuring affects the electron-phonon interaction (e-ph), reflected in the value of the electron-phonon coupling constant λ e-ph [8] .
Nanostructured weak-coupling superconductors show a progressive enhancement of T c with a decrease of the characteristic dimension of the system. An increase of T c of about 25% with respect to bulk Al has been observed in Al nanowires with 8 nm diameter [9] , while in Sn nanowires with 20 nm diameter, the enhancement was only about 10% [10] . For In nanoparticles with 36 nm diameter, the T c increase was smaller, only about 5% [11] . This T c enhancement has generally been attributed to an enhancement of the electron-phonon coupling caused by surface phonon modes and crystallite boundaries [12] . On the other hand, T c of strong-coupling materials seems not to be severely affected by dimensional effects. The T c of Pb nanoparticles decreases slightly within a diameter range spanning from 65 nm down to 7 nm [13] , after which T c drops abruptly. In the case of Nb, a progressive decrease of T c was observed in nanowires with diameter between 420 and 80 nm [14] . However, these materials are equally affected by surface and boundary effects as weakcoupling superconductors are, since those are a consequence of the sample's geometry. This has been demonstrated in Pb nanoparticles embedded into nanoporous glass [15] . Therefore a mechanism that opposes the enhancement of λ e-ph should be present.
There exist two effects that play an important role in the T c modification of nanoscale superconductors. First, oscillations of the mean electron density near the Fermi level as a consequence of the discretization of the energy levels in reduced dimensions, known as quantum size effects (QSE) [16] , and second, the shift of phonon modes towards low energies as a consequence of phonon confinement, known as phonon softening [17] . Phonon softening is expected to increase T c , while the influence of QSE depends on the electron-phonon coupling strength. Even a combination of these two effects can explain the observed T c behavior. Phonon softening has been observed in Sn and Pb nanoparticles embedded into porous glass [15, 18] . However, no link with the effect on T c was established. Similar measurements were carried out in Nb 3 Sn thin films [19] , where the role of phonon softening was quantified, revealing that its contribution was not enough to explain the change of T c . QSE were pointed out as the main effect responsible for this change.
Disentangling and quantifying the individual effects of phonon softening and QSE remains a challenge, mainly due to the lack of techniques capable of measuring phonons in nanoscale superconductors. Electron tunneling experiments in superconducting junctions [20] are able to provide information about the electron-phonon interaction; however, they are intrinsically influenced by electronic effects. Therefore techniques that allow for the differentiation between these two effects are required.
In this work, we quantify the contribution of phonon softening effects to the modification of T c in nanoscale superconductors. Measuring the phonon density of states F (E ) of Sn nanowire arrays embedded in porous alumina (Al 2 O 3 ) matrices with different pore diameters using nuclear resonant inelastic x-ray scattering (NRIXS) allows us to determine the shifting of the phonon frequencies and the increment of the electron-phonon coupling upon decreasing diameter. The combination of these results with data from transport measurements suggests that phonon softening is responsible for the T c enhancement observed in the Sn nanowire samples studied.
II. SAMPLE PREPARATION AND STRUCTURAL CHARACTERIZATION
Tin nanowire arrays were synthesized by electrodepositing Sn from an aqueous electrolyte containing 7 g/L C 4 membranes with pore diameters of 18 ± 3, 35 ± 3, and 100 ± 10 nm. A bilayer consisting of 10 nm of Cr followed by 300 nm of Au was deposited by e-beam evaporation on one side of the membranes to serve as working electrode. Isotopically enriched 119 SnCl 2 · 2H 2 O was developed in house due to the lack of its commercial availability. The electrochemical growth of homogenous nanowires within the Al 2 O 3 membranes was carried out in a three-electrode potentiostatic configuration by applying to the working electrode −0.9 V versus a double-junction Ag/AgCl reference electrode (KCl saturated, E = 0.197 V), while a Pt foil was installed in the bath as a counter electrode. The process was stopped once the Sn overfilled the membrane. In order to check the reproducibility of the critical temperature, two samples with diameters of 35 nm (samples c and d) and two samples with diameters of 100 nm (samples g and h) were prepared using this method. Due to proximity effects the top and/or bottom layer can significantly affect the T c of the nanowires [22] . To identify the importance of this effect, nanowires overgrown with Cu were fabricated as well. For these samples, the growth within the membranes was stopped once the wires reached 25 μm and then Cu was electrodeposited to fill the rest of the template. Samples with diameters of 35 nm (samples e and f) and 18 nm (samples a and b) were prepared using this method. After the growth process the membranes where taken out of the electrolyte in order to characterize the samples. Additionally, three more samples with nanowire diameters of 18, 35, and 100 nm were grown using the Mössbauer isotope 119 Sn in order to perform the NRIXS measurements. The latter set of samples was not overgrown in order to avoid the contribution of unconfined nanowire caps on the template surface to the NRIXS measurements. As shown in the cross-sectional scanning electron microscope (SEM) image in Fig. 1(a) , the samples are formed by an array of vertically aligned nanowires. The diameter of the nanowires slightly fluctuates along the longitudinal direction, its standard deviations are 6, 2, and 1.5 nm for the 100, 35, and 18 nm samples.
Structural characterization was performed by θ/2θ x-ray diffraction (XRD) and grazing incidence XRD (GIXRD) with an incidence angle of 4
• , using Cu K α1 radiation. Figure 1 (b) shows the XRD patterns for the three types of samples investigated. In all samples, three peaks corresponding to β-Sn can be observed at approximately 30
• , 56
• , and 63
• . In addition, an Au peak arises from the cathode at 38
• . The θ/2θ XRD patterns of all samples are consistent with a polycrystalline array of nanowires containing a highly textured β-Sn phase oriented along (200) planes with traces of (301) oriented planes. GIXRD measurements (available in Ref. [23] ) show either no peaks or tiny traces of the (200) β-Sn peak just above the background level, confirming the strong texture of the β-Sn nanowires. To obtain the (average coherently diffracting) crystallite size of the β-Sn phase along the direction of the wires, Rietveld refinement [24] of the θ/2θ XRD patterns was performed using the MAUD software [25] . The grain size of the 35-nm-and 100-nm-diameter samples is larger than 200 nm and cannot be resolved by line profile analysis [26] , while a grain size of 185 nm is found for the 18-nm-diameter sample, indicating that the nanowires consist of a series of strongly elongated grains along their axis.
III. SUPERCONDUCTING PROPERTIES
Transport measurements were performed by making four contacts on the sample, two on the top surface and two at the bottom. A schematic drawing of the contact geometry is shown in the inset of Fig. 2 . The normalized resistance R(T )/R(4.5 K) of three representative samples (one of each thickness) as a function of temperature are displayed in Fig. 2 , showing a distinct number of features. Marked with black arrows, a first resistance drop occurs around 4 K. Beyond this transition and towards lower temperatures, the resistance does not drop to zero, but it slowly decreases until a second transition is visible in a temperature rage around 2.25 K. After this transition, the zero resistance state is still not reached. The normalized resistance curves of the other samples can be found in the supplementary information. In general, for each nanowire diameter the obtained transitions display a very similar behavior.
We attribute the first resistance drop to the superconducting transition of the strongly elongated grains forming the nanowires. In this viewpoint, T c is defined as the middle point of this transition, thus obtaining values of 4.05 ± 0.05, 3.95 ± 0.05, and 3.82 ± 0.05 K for the 18, 35, and 100 nm, respectively. Moreover, the comparison between Sn overgrown and Cu overgrown samples directly shows that the overgrown layer does not impact the obtained T c . This represents an enhancement of up to 10% compared to 3.72 K, the bulk T c value. These values of T c are in agreement with the values observed in other Sn nanowire systems [10, 27, 28] . The second resistance drop occurs in a temperature range between 2.0 and 2.5 K. While the first superconducting transition is related to the local superconductivity within the narrow elongated grains of the individual nanowires; we hypothesize that the second transition is related to the emergence of longrange superconductivity when coupling between these grains is established at lower temperatures. This feature will be the topic of future work.
In addition to the two resistance drops observed, a third one would be expected around 3.7 K in the Sn overgrown samples due to the superconducting transition of the bulk overgrown layer. However, such a transition only appears in the magnetoresistance curve of one of the Sn overgrown 35-nm samples (sample c), shown in Ref. [23] , and not in the resistance versus temperature curve in Fig. 2 . Figure S3 in Ref. [23] shows a narrow transition appearing already at 3.7 K and visible in the entire temperature range explored. It can be suppressed by applying a magnetic field of about 0.05 T at 1 K. This value is comparable to the critical magnetic field of bulk Sn [29] , therefore, this transition is likely caused by the bulk Sn layer. The 100-nm and one of the 35-nm Sn overgrown samples (samples g, h, and d) present only two transitions. One possible explanation for the absence of the superconducting transition in the overgrown layer could be that the large contact area of this layer contributed to a very small fraction of the system's total resistance. Then, the decrease in resistance caused by the superconducting transition of the overgrown layer would be too small to be discernible in our data. The noise level in the 100 nm samples is 1 mV, while it is 0.5 mV in the 35 nm sample (sample d). On the other hand, the resistance drop caused by the overgrown layer in the 35 nm sample (sample c) is only 0.15 mV. Therefore the effect of the overgrown layer's superconducting transition is hidden by the noise in samples g, h, and d. Tian et al. studied Sn nanowires with diameter ranging from 20 to 160 nm embedded in porous matrices contacted by bulk Sn electrodes [10, 30] . Similar to our resistance versus temperature data, their data do not show any evidence of the superconducting transition in the bulk Sn electrodes.
The superconducting phase boundaries can provide additional evidence to our interpretation of the first resistance drop, since strong dimensional effects are expected in their temperature dependence due to the confined geometry of the grains forming the nanowires. The superconducting phase boundaries were determined measuring the magnetoresistance of the nanowires at different temperatures while an external magnetic field was applied perpendicular to the nanowires axis (see Ref. [23] ). The magnetic field corresponding to 90% of the resistance between the normal and the lowest resistance state was used as criterion for H c . This criterion is used to guarantee that the phase boundaries are determined using values of the resistance similar to those used for determining the T c of the first transition. Results are shown in Fig. 3 . The superconducting region significantly increases as the diameter is reduced. The solid lines are fittings to the experimental data using Eq. (1) [31] 
where φ 0 is the magnetic flux quantum, d is the diameter of the nanowires, and ξ GL (0) is the Ginzburg-Landau coherence length at 0 K. This last one was used as a fitting parameter.
There is a good correspondence between Eq. (1) and the experimental data, especially at temperatures close to T c . Note that this relationship between H c (T ) and T is typically observed in narrow superconducting lines [32] , rather than the characteristic linear relationship observed in bulk superconductors [33] , as we had anticipated, and confirms that the first resistance drop and consequently T c corresponds to the nanowires. This, together with the strong diameter dependence of the critical field confirms that the critical field probed corresponds to the nanowires.
The ξ GL (0) values obtained from the phase boundary fittings are shown in Fig. 4 . Note that Eq. (1) strictly applies to a narrow superconducting line of rectangular cross-section and thickness d in a perpendicular magnetic field [32] . The ξ GL (0) values should be considered an estimation to the coherence length, where the diameter of the wire plays the role of the line thickness. ξ GL (0) is significantly smaller than ξ GL (0) for bulk Sn [10] , and it decreases monotonically as the nanowire diameter is reduced. This suggests that our nanowires are in the dirty limit since ξ GL (0) is expected to decrease in nanostructured dirty superconductors [34] with decreasing particle size as a consequence of the reduction in the effective mean free path [35] . FIG. 4 . Coherence length (red squares) of the 18 nm, 35 nm, and 100 nm samples when a magnetic field is applied perpendicular to their longitudinal axis compared to the bulk value (black dashed line). The red line is a guide to the eye.
FIG. 5.
Phonon density of states of bulk Sn calculated using DFT methods (green) and of membranes containing nanowires of 100 nm, 35 nm, and 18 nm diameter (red, blue, and orange, respectively) taken at 20 K. The black dotted curve represents the F (E ) of a bulk Sn foil measured during a previous experiment [42] .
IV. PHONON DENSITY OF STATES
The phonon density of states of the nanowires was measured using NRIXS [36] . This technique allows the extraction of F (E ) corresponding to only the Mössbauer-active material, 119 Sn in this case. No contributions from other atoms are measured, unlike inelastic neutron scattering (INS) or inelastic x-ray scattering (IXS). Moreover, the determination of F(E) from the NRIXS is model independent and it has been successfully applied to other nanosystems [37] . Measurements were performed at sector 30 of the Advanced Photon Source (APS). Details of the experimental set up are reported elsewhere [38] . The measured spectra consist of the photon count rate as a function of the energy difference between the incident photon and the Mössbauer nuclear transition in 119 Sn. The set of samples used in the measurement are 99% isotopically enriched 119 Sn nanowires, not overgrown. Therefore the recorded spectra correspond uniquely to the nanowires. The NRIXS scans were taken in two different configurations: the x-ray beam parallel and perpendicular to the nanowires axis. The spectra were converted to F (E ) following the procedure described by Sturhahn [39] and using the PHOENIX software [40] . For each configuration, the partial F (E ) was derived (see Ref. [23] ) and summed according to the following ratio: 2 3 F (E ) perpendicular + 1 3 F (E ) parallel [41] , in order to obtain the complete F (E ) of the sample. Figure 5 shows the F (E )'s obtained for the different samples together with the bulk Sn F (E ) calculated using density functional theory (DFT) and convoluted with the experimental resolution function. All of them are compared to the F (E ) of a Sn foil. The calculated F (E ) is in good agreement with the Sn foil F (E ), especially in the low and high energy parts; even the Sn cut off energy is accurately predicted. A number of significant differences are observed when comparing the phonon spectra of the nanowires and bulk Sn. The intensity of the high-energy phonon modes at 15 and 16.5 meV is noticeably lower for the three diameters studied. Furthermore, the peak structure is completely broadened in the 100 nm and 18 nm F (E ). In the medium energy region, between 7-14 meV, an increase of the phonon modes occurs, especially in the 18 nm sample. Moreover, the intensity of the low-energy modes, between 0-3 meV, is also enhanced. This feature is better appreciated in Fig. 6 , which shows how this enhancement is more pronounced as the diameter of the wires decreases. On the other hand, the intensity of the peak at 5 meV is considerably reduced. Finally, a number of modes extending beyond the cutoff energy 18.5 meV are visible. These differences observed between the Sn foil F (E ) and the Sn nanowires F (E ) are caused by the structural and morphological differences between the different samples.
V. DISCUSSION
Using the measured F (E )'s it is possible to calculate how the changes in F (E ) with respect to bulk affect T c . The superconducting critical temperature can be calculated using the Allen-Dynes equation [43] , which is a correction of the McMillan expression for the T c of conventional superconductors.
λ e-ph −μ * −0.62λ e-ph μ * ,
where the electron-phonon coupling constant is calculated as
the logarithmic frequency average is
Comparison between T c derived from transport and phonon measurements. The inset shows the evolution of the electronphonon coupling parameter as a function of the nanowire diameter. and the prefactors, that depend on the characteristic phonon frequency, are
The electron-phonon coupling strength function α 2 (E ), shown in Ref. [23] , has been calculated from the ratio between the Eliashberg function α 2 (E )F (E ) determined from electron tunneling measurements [20] and F (E ) of a Sn foil that we previously measured [42] . This method has also been successfully applied in order to estimate the form of α 2 (E ) in Nb 3 Sn thin films [19] . The value of μ * is fixed to 0.107 and is chosen to yield the bulk T c value 3.7 K when the bulk Sn F (E ) is used in the calculation. The chosen value of μ * agrees with the values found in literature [44] . The same μ * and α 2 (E ) were subsequently used to calculate T c for the nanowires. Values of 4.20 ± 0.03, 3.93 ± 0.04, and 3.87 ± 0.03 K are found for the 18 nm, 35 nm, and 100 nm nanowires, respectively. Figure 7 shows a comparison between T c obtained from the transport measurements, T c obtained using the experimentally derived F (E ), and the bulk Sn T c . The values of T c for the 100 nm and 35 nm samples obtained in the transport measurements are in agreement with the values calculated using the phonon density of states. In the case of the 18 nm nanowires, a deviation occurs.
The value of the electron-phonon coupling parameter λ e-ph is displayed in the inset of Fig. 7 . Similarly to the trend observed in T c , λ e-ph increases as the diameter is reduced. More specifically, an increase between 2.5% and 4.7% with respect to bulk Sn is obtained. This enhancement originates from the phonon softening effects. Calculations of the characteristic phonon frequency ω 2 1/2 , shown in Fig. 5 , indicate that there is a shift of the phonon frequencies towards the low-energy region. Low-energy phonons have a bigger impact on λ e-ph than high energy phonons due to the fact that the spectrum α 2 (E )F (E ) is weighted by a factor 1/E . Phonon softening specially affects nanoscale materials because the ratio of surface to volume atoms is higher than in bulk. These surface atoms are characterized for having lower vibrational frequencies than the bulk ones, known as surface modes [45, 46] , which shifts the phonon spectrum to the lowenergy region. While T c and λ e-ph increase monotonically as the diameter is reduced, it is not the case for ω 2 1/2 . The discrepancy arises from the shape of F (E ) at high energies. As can be seen in Fig. 5 , the F (E ) shape of the 35 nm sample around 15 meV resembles much more bulk Sn than in the case of the 100 nm nanowires. The contribution of these phonon modes to ω 2 1/2 is more relevant than the low-energy ones since, as Eq. (5) shows, the spectrum α 2 (E )F (E ) is weighted by a factor E. Nevertheless, T c depends on more quantities apart from ω 2 1/2 . A small deviation in one of the parameters can be compensated by the others, resulting in a T c enhancement.
Despite the good correspondence between the T c trend obtained from transport measurements and the one calculated using the phonon spectra, the correspondence between T c,transport and T c,phonons of the 18 nm sample is less good. Quantum size effects are no longer negligible in Sn nanosystems once the sample size reduces below d h 2 π 2 2m e bulk 26 nm [47] . In the case of Sn nanowires, these effects are significant for diameters below 20 nm [48] . Our calculations using F (E ) only account for the impact of phonon confinement on T c , not QSE. Hence, QSE could slightly offset the electron-phonon coupling enhancement caused by phonon softening [13] . Ultimately, T c will be enhanced but it will be limited by the interplay between phonon softening and QSE.
The interaction between the nanowires and the Al 2 O 3 matrix is expected to influence the T c enhancement. Al 2 O 3 is harder than Sn since the vibrational spectrum of Al 2 O 3 spans up to 120 meV [49] , therefore, the Al 2 O 3 matrix is expected to reduce the number of surface phonon modes as compared to the case of free standing nanowires, limiting the effects of phonon softening without suppressing them completely. This is analogous to the case of nanoparticles capped with a hard layer, the number of surface modes that shifts towards lower energies is smaller than in the case of free particles [50] , since the energy of the nanoparticle surface modes is increased by the interaction with the capping layer. Moreover, Bessas et al. measured the phonon density of states of Bi 2 Te 3 nanowires with a diameter of 56 nm embedded in Al 2 O 3 [51] . No significant differences were found when comparing the phonon density of states of the nanowires to the one of bulk Bi 2 Te 3 . Their analysis concluded that the Debye level (lim E →0 F (E )/E 2 ) of the nanowires was higher than the Debye level of bulk Bi 2 Te 3 , which caused a decrease of the nanowire sound velocity of 6.5%. They attributed this reduction to confinement due to nanostructuring. In addition, they estimated that only phonons with an energy of 0.12 meV will be affected by interactions with the Al 2 O 3 matrix. This leads to the conclusion that the Al 2 O 3 matrix does not strongly interact with the Bi 2 Te 3 .
Note that the phonon density of states of Sn and Te are quite similar, both of them show a phonon energy cutoff around 18 meV and the Debye behavior extends only up to 4 meV. Moreover, similarly to the case of Bi 2 Te 3 nanowires, the Debye level of Sn nanowires is higher than the one of bulk Sn. Finally, the number of Al 2 O 3 phonon modes available to interact with the Sn phonon modes is small, since the Sn phonon cutoff occurs at 18 meV, while the majority of the phonon modes in Al 2 O 3 occurs above 25 meV. These features suggest that there is not a strong interaction between the Al 2 O 3 matrix and Sn nanowires and that the differences between the Sn nanowires F (E ) and the bulk Sn F (E ) are a consequence of the nanostructuring.
Phonon softening affects any superconducting nanostructure, regardless of its coupling strength. As mentioned before, T c of weak-coupling superconductors increases upon size reduction while no impact or even a reduction of T c is observed in strong coupling materials. Note that, according to theoretical calculations, strong-coupling superconducting nanograins exhibit a larger broadening of single electron levels and a heavier electron mass than weak-coupling superconductors [52] . QSE are inversely proportional to the electron mass, thus making them more relevant in strong-coupling superconductors. Then, QSE could offset or even overcome the effect of phonon softening in strong-coupling materials, resulting in an unaffected value of T c .
In summary, for the first time the phonon density of states of Sn nanowires with diameters of 18, 35, and 100 nm has been experimentally determined and used to calculate their T c . The correspondence between the critical temperature measured by transport measurements and the one calculated from the measured F (E ) suggests that phonon softening plays a significant role in the T c enhancement, although other effects, in particular electron confinement, might also affect the T c of the smallest nanowires investigated. In addition, our results provide a direct correlation between phonon confinement effects, the modification of the electron-phonon coupling strength λ e-ph and the T c enhancement of a weak-coupling superconductor. Further research on the modifications of F (E ) in both, weak and strong-coupling nanoscale superconductors, as well as the shape of α 2 (E ) will help to understand the specific roles of phonon and electronic confinement. Our work enables the quantification of phonon softening effects, assessing its impact in the modification of the electron-phonon coupling strength at the nanoscale.
